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LOWER BOUND ESTIMATES FOR EIGENVALUES
OF THE LAPLACIAN*
QING-MING CHENG AND XUERONG QI
Abstract. For an n-dimensional polytope Ω in Rn, we study lower bounds for eigen-
values of the Dirichlet eigenvalue problem of the Laplacian. In the asymptotic formula
on the average of the first k eigenvalues, Li and Yau [4] obtained the first term with the
order k
2
n , which is optimal. The next landmark goal is to give the second term with the
order k
1
n in the asymptotic formula. For this purpose, Kovarˇ´ık, Vugalter and Weidl [3]
have made an important breakthrough in the case of dimension 2. It is our purpose to
study the n-dimensional case for arbitrary dimension n. We obtain the second term in
the asymptotic sense.
1. introduction
Let Ω ⊂ Rn be a bounded domain with a piecewise smooth boundary ∂Ω in an n-
dimensional Euclidean space Rn, n ≥ 2. We consider the following Dirichlet eigenvalue
problem of the Laplacian:
(1.1)
{
∆u = −λu in Ω,
u = 0 on ∂Ω.
It is well known that the spectrum of this problem is real and discrete:
0 < λ1 < λ2 ≤ λ3 ≤ · · · −→ +∞,
where each λi has finite multiplicity which is repeated according to its multiplicity.
Let V (Ω) denote the volume of Ω and let Bn denote the volume of the unit ball in R
n.
One has the following Weyl’s asymptotic formula
(1.2) λk ∼ 4pi
2
(BnV (Ω))
2
n
k
2
n , k → +∞.
From the above asymptotic formula, one can obtain
(1.3)
1
k
k∑
j=1
λj ∼ n
n+ 2
4pi2
(BnV (Ω))
2
n
k
2
n , k → +∞.
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Furthermore, Po´lya [7] proved that
(1.4) λk ≥ 4pi
2
(BnV (Ω))
2
n
k
2
n , for k = 1, 2, · · · ,
if Ω is a tiling domain in Rn. Moreover, he proposed the following
Conjecture of Po´lya. If Ω is a bounded domain in Rn, then the k-th eigenvalue λk of
the eigenvalue problem (1.1) satisfies
(1.5) λk ≥ 4pi
2
(BnV (Ω))
2
n
k
2
n , for k = 1, 2, · · · .
On the conjecture of Po´lya, much work has been done ([1],[4], [5]). In particular, Li and
Yau [4] proved the following
(1.6)
1
k
k∑
j=1
λj ≥ n
n+ 2
4pi2
(BnV (Ω))
2
n
k
2
n , for k = 1, 2, · · · .
The formula (1.3) shows that the constant in the result (1.6) of Li and Yau can not be
improved. From this formula (1.6), one can derive
(1.7) λk ≥ n
n+ 2
4pi2
(BnV (Ω))
2
n
k
2
n , for k = 1, 2, · · · ,
which gives a partial solution for the conjecture of Po´lya with a factor n
n+2
. Recently,
Melas [6] improved the estimate (1.6) to the following:
(1.8)
1
k
k∑
j=1
λj ≥ n
n+ 2
4pi2
(BnV (Ω))
2
n
k
2
n +Mn
V (Ω)
I(Ω)
, for k = 1, 2, · · · ,
where Mn is a positive constant depending only on the dimension n and
I(Ω) = min
a∈Rn
∫
Ω
|x− a|2dx
is called the moment of inertia of Ω.
For the average of the first k eigenvalues, it is important to compare its lower bound with
the following asymptotical behavior:
(1.9)
1
k
k∑
j=1
λj =
n
n + 2
4pi2
(BnV (Ω))
2
n
k
2
n + Cn
A(∂Ω)
V (Ω)1+
1
n
k
1
n + o(k
1
n ), k → +∞,
where A(∂Ω) denotes the (n− 1)-dimensional volume of ∂Ω and Cn is a positive constant
depending only on the dimension n. The first term in (1.9) is due to Weyl [9]. In [8],
the second term in (1.9) was established under suitable conditions on Ω. Since the first
asymptotical term is optimal, the next landmark goal on its lower bound estimate is to
obtain the second asymptotical term with the order of k
1
n . For this purpose, Kovarˇ´ık,
Vugalter and Weidl [3] have made an important breakthrough for this landmark goal in
the case of dimension 2. They have added a positive term in the right hand side of (1.6),
which is similar to the second term of (1.9) in the asymptotic sense. The purpose of
this paper is to study the n-dimensional case for arbitrary dimension n. We also obtain
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the second term of (1.9) in the asymptotic sense. For estimates on upper bounds of
eigenvalues, one can see Cheng and Yang [2].
For an n-dimensional polytope Ω in Rn, we denote by pi, i = 1, · · · , m, the i-th face of
Ω. Assume that Ai is the area of the i-th face pi of Ω. For each i = 1, · · · , m, we choose
several non-overlapping (n − 1)-dimensional convex subdomains sri in the interior of pi
such that the area of
⋃
sri is greater than or equal to one third of Ai and the distance di
between
⋃
sri and ∂Ω \ pi is greater than 0. Define the function Θ : R→ R by Θ(t) = 0
if t ≤ 0 and Θ(t) = 1 if t > 0. Then we prove the following
Theorem 1. Let Ω be an n-dimensional polytope in Rn. Then, for any positive integer
k, we have
1
k
k∑
j=1
λj ≥ n
n + 2
4pi2
(BnV (Ω))
2
n
k
2
n+
3−423−npi2
(n+ 2)B
2
n
n
A(∂Ω)
V (Ω)1+
2
n
(
V (Ω)λk
α1
)−nε(k)
k
2
nλ
− 1
2
k Θ(λk−λ0),
where
ε(k) =

√
log2
(
(V (Ω)/α1)n−1λ
n
2
k
)
n + 12
−1 , α1 =
√
3
Bn
(
4npi2
n + 2
)n
2
,
λ0 = max
 4nmin
i
{d2i}
,
(
α1
V (Ω)
) 2
n
, 2
2(n+12)
n
(
α1
V (Ω)
) 2(n−1)
n
,
(
12
min
i
{Ai}
) 2
n−1
 .
Remark 1. Notice that ε(k)→ 0 and λk ∼ 4pi2
(BnV (Ω))
2
n
k
2
n as k → +∞. It shows that the
second term on the right hand side of the inequality in Theorem 1 is very similar to the
second term in the asymptotic (1.9) when k is large enough. Combining this with the
inequality (1.7), we immediately obtain the following
Corollary 1. Let Ω be an n-dimensional polytope in Rn. Then, there exists a positive
integer N , such that, for all k ≥ N ,
1
k
k∑
j=1
λj ≥ n
n + 2
4pi2
(BnV (Ω))
2
n
k
2
n +
pi
342n−1(n+ 2)B
1
n
n
A(∂Ω)
V (Ω)1+
1
n
k
1
n
−2ε(k),
where
ε(k) =

√√√√ 1
n + 12
log2
((
V (Ω)
α1
)n−1(
4npi2
n+ 2
)n
2 k
BnV (Ω)
) −1 , α1 =
√
3
Bn
(
4npi2
n + 2
)n
2
.
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2. Proof of Main theorem
For an n-dimensional polytope Ω in Rn, let uj be a normalized eigenfunction corresponding
to the j-th eigenvalue λj , i.e. uj satisfies
(2.1)

∆uj = −λjuj in Ω,
uj = 0 on ∂Ω,∫
Ω
ujuk = δjk, ∀ j, k.
Then {uj}+∞j=1 forms an orthonormal basis of L2(Ω). We consider the function ϕj given by
ϕj(x) =
{
uj(x) , x ∈ Ω,
0 , x ∈ Rn \ Ω.
Denote by ϕ̂j the Fourier transform of ϕj . For any ξ ∈ Rn, we have
ϕ̂j(ξ) = (2pi)
−n
2
∫
Rn
ϕj(x)e
√−1<ξ,x>dx = (2pi)−
n
2
∫
Ω
uj(x)e
√−1<ξ,x>dx.
Take λ large enough such that λ satisfies the following two conditions:
(i) for each i = 1, · · · , m, there exist some non-overlapping (n− 1)-dimensional cubes tli
with the side 1√
λ
on
⋃
sri , whose total area is greater than or equal to
1
6
Ai;
(ii) 1√
λ
≤ 1
2
√
n
min
i
{di} ≤ di2√n . In this case, we make sure that the n-dimensional rectangles
Tli = [0,
1
2
√
λ
]× tli lie inside Ω and they do not overlap each other.
We define a function Fλ by
Fλ(ξ) =
∑
λj≤λ
∣∣ϕ̂j(ξ)∣∣2.
By Parseval’s identity, we have
(2.2)
∫
Rn
Fλ(ξ)dξ =
∑
λj≤λ
∫
Rn
|ϕ̂j(ξ)|2dξ =
∑
λj≤λ
∫
Rn
ϕ2j (x)dx =
∑
λj≤λ
∫
Ω
u2j(x)dx = N(λ),
where N(λ) is the number of eigenvalues λj ≤ λ. Furthermore, we deduce from integration
by parts and Parseval’s identity that
(2.3)
∫
Rn
|ξ|2Fλ(ξ)dξ =
∑
λj≤λ
∫
Rn
|ξ|2|ϕ̂j(ξ)|2dξ = −
∑
λj≤λ
∫
Ω
uj∆ujdx =
∑
λj≤λ
λj.
For each fixed ξ ∈ Rn, since e
√−1<ξ,x> belongs to L2(Ω), it follows that
e
√−1<ξ,x> =
∞∑
j=1
cj(ξ)uj, where cj(ξ) =
∫
Ω
uj(x)e
√−1<ξ,x>dx.
Let
u(ξ, x) =
∑
λj≤λ
cj(ξ)uj(x).
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Then we have
(2.4)
∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Ω)
= V − (2pi)nFλ(ξ).
To prove Theorem 1, we will need the following lemma.
Lemma 2.1. ([4]) If F is a real-valued function defined on Rn with 0 ≤ F ≤M1, and∫
Rn
|ξ|2F (ξ)dξ ≤M2,
then ∫
Rn
F (ξ)dξ ≤
(
n+ 2
n
) n
n+2
M
n
n+2
2
(
M1Bn
) 2
n+2 .
Next we need to establish the estimate for Fλ(ξ). For each li, we choose a local coordinate
system (x1, · · · , xn) such that tli =
[− 1
2
√
λ
, 1
2
√
λ
]n−1
and ∂
∂x1
is the inward unit normal
vector field on tli . To derive the upper bound of Fλ(ξ), we prepare the following lemmas:
Lemma 2.2. For any positive integer p, we have∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2(Tli )
≤
(
n + 2
4npi2
)n
2
BnV
2Dp−1λ
p+n
2 ,
where the sequence Dq is defined by
D0 = 1, D1 = 3
(
1 + 442n2p4 + 4 · 52np2),
Dq = 3
(
1 + 442n2p4
)
Dq−2 +
(
12 · 52np2)Dq−1, q = 2, 3, · · · .
Proof. For p ≥ 1 and 0 ≤ q ≤ p− 1, we define functions g and vq,p by the following
g(x) = 1− 6x4 + 8x6 − 3x8, 0 ≤ x ≤ 1,
vq,p(t) =

1 , 0 ≤ t ≤ 2p− q
2p
,
g(2pt− 2p+ q) , 2p− q
2p
≤ t ≤ 2p− q + 1
2p
,
0 ,
2p− q + 1
2p
< t,
with vq,p(−t) = vq,p(t) for t < 0. From the definition of g, it follows that
(2.5) |g(x)| ≤ 1, |g′(x)| < 5
2
, |g′′(x)| < 11.
By the definition of vq,p and (2.5), we get
(2.6) |vq,p(t)| ≤ 1, |v′q,p(t)| < 5p, |v′′q,p(t)| < 44p2.
Next we define
Wq,p,λ(x1, · · · , xn) = vq,p(
√
λ x1)vq,p(
√
λ x2) · · · vq,p(
√
λ xn), (x1, · · · , xn) ∈ Rn,
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and set
ωq = suppWq,p,λ.
Then we have
(2.7)
∣∣Wq,p,λ∣∣ ≤ 1, ∣∣∇Wq,p,λ∣∣ < 5n 12λ 12p, ∣∣∆Wq,p,λ∣∣ < 44nλp2,
and
(2.8) Tli ⊂ ωq, ωq+1 ⊂ ωq, Wq,p,λ ≡ 1 on ωq+1, ∇Wq,p,λ = 0 on ∂ωq.
We will prove
(2.9)
∥∥∥∥∇(∂qϕj∂xq1
)∥∥∥∥2
L2(ωq)
≤ Dqλq+1,
by induction on q for q = 0, 1, · · · , p− 1. For q = 0, since D0 = 1, it follows that
(2.10)
∥∥∇ϕj∥∥2L2(ω0) ≤ ∫
Ω
|∇uj|2 = −
∫
Ω
uj∆uj = λj ≤ λ = D0λ.
Using the property (2.8) of Wq,p,λ and integration by parts, we get
(2.11)
∥∥∥∥∆(ϕjW0,p,λ)∥∥∥∥2
L2(ω0)
=
n∑
k=1
∥∥∥∥ ∂2∂x2k (ϕjW0,p,λ)
∥∥∥∥2
L2(ω0)
+2
∑
k<l
∫
ω0
∂2
∂x2k
(
ϕjW0,p,λ
) ∂2
∂x2l
(
ϕjW0,p,λ
)
=
n∑
k=1
∥∥∥∥ ∂2∂x2k (ϕjW0,p,λ)
∥∥∥∥2
L2(ω0)
+2
∑
k<l
∥∥∥∥ ∂2∂xk∂xl (ϕjW0,p,λ)
∥∥∥∥2
L2(ω0)
.
From (2.7), (2.8), (2.10) and (2.11), it follows that∥∥∥∥∇(∂ϕj∂x1
)∥∥∥∥2
L2(ω1)
=
n∑
k=1
∥∥∥∥ ∂2∂x1∂xk (ϕjW0,p,λ)
∥∥∥∥2
L2(ω1)
≤
n∑
k=1
∥∥∥∥ ∂2∂x1∂xk (ϕjW0,p,λ)
∥∥∥∥2
L2(ω0)
≤
∥∥∥∥∆(ϕjW0,p,λ)∥∥∥∥2
L2(ω0)
=
∥∥∥∥−λjϕjW0,p,λ + ϕj∆W0,p,λ + 2∇ϕj∇W0,p,λ∥∥∥∥2
L2(ω0)
≤ 3
{
λ2
(
1 + 442n2p4
)∥∥ϕj∥∥2L2(ω0) + 4 · 52p2nλ∥∥∇ϕj∥∥2L2(ω0)
}
≤ 3
{
λ2
(
1 + 442n2p4
)
+4 · 52p2nλ2
}
= D1λ
2.
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Hence (2.9) holds for q = 0 and q = 1. Now assume that (2.9) holds some q − 1 and q.
We will show that it holds for q + 1 as well. Notice that
Wq,p,λ = ∇Wq,p,λ = 0 on ∂ωq,
then
(2.12)
∥∥∥∥∆(∂qϕj∂xq1 Wq,p,λ
)∥∥∥∥2
L2(ωq)
=
n∑
k=1
∥∥∥∥ ∂2∂x2k
(
∂qϕj
∂xq1
Wq,p,λ
)∥∥∥∥2
L2(ωq)
+2
∑
k<l
∥∥∥∥ ∂2∂xk∂xl
(
∂qϕj
∂xq1
Wq,p,λ
)∥∥∥∥2
L2(ωq)
.
From (2.7), (2.8) and (2.12), it follows that∥∥∥∥∇(∂q+1ϕj∂xq+11
)∥∥∥∥2
L2(ωq+1)
=
n∑
k=1
∥∥∥∥ ∂2∂x1∂xk
(
∂qϕj
∂xq1
Wq,p,λ
)∥∥∥∥2
L2(ωq+1)
≤
n∑
k=1
∥∥∥∥ ∂2∂x1∂xk
(
∂qϕj
∂xq1
Wq,p,λ
)∥∥∥∥2
L2(ωq)
≤
∥∥∥∥∆(∂qϕj∂xq1 Wq,p,λ
)∥∥∥∥2
L2(ωq)
=
∥∥∥∥−λj(∂qϕj∂xq1
)
Wq,p,λ +
(
∂qϕj
∂xq1
)
∆Wq,p,λ + 2∇
(
∂qϕj
∂xq1
)
∇Wq,p,λ
∥∥∥∥2
L2(ωq)
≤ 3
{
λ2
(
1 + 442n2p4
)∥∥∥∥∂qϕj∂xq1
∥∥∥∥2
L2(ωq)
+4 · 52p2nλ
∥∥∥∥∇∂qϕj∂xq1
∥∥∥∥2
L2(ωq)
}
≤ 3
{
λ2
(
1 + 442n2p4
)∥∥∥∥∇(∂q−1ϕj∂xq−11
)∥∥∥∥2
L2(ωq−1)
+4 · 52p2nλ
∥∥∥∥∇∂qϕj∂xq1
∥∥∥∥2
L2(ωq)
}
≤ λq+2
{
3
(
1 + 442n2p4
)
Dq−1 + 12 · 52np2Dq
}
= Dq+1λ
q+2.
This implies that (2.9) holds for q+1. Therefore, (2.9) holds for any integer 0 ≤ q ≤ p−1.
Taking q = p− 1 in (2.9), we can obtain
(2.13)
∥∥∥∥∂puj∂xp1
∥∥∥∥2
L2(Tli )
≤ Dp−1λp.
Using the Cauchy-Schwarz inequality, we have∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2(Tli )
=
∥∥∥∥∑
λj≤λ
cj
∂puj
∂xp1
∥∥∥∥2
L2(Tli )
=
∫
Tli
∣∣∣∣∑
λj≤λ
cj
∂puj
∂xp1
∣∣∣∣2
≤
∫
Tli
∑
λj≤λ
|cj |2
∑
λj≤λ
∣∣∣∣∂puj∂xp1
∣∣∣∣2≤ V ∑
λj≤λ
∥∥∥∥∂puj∂xp1
∥∥∥∥2
L2(Tli )
≤ V ·N(λ)Dp−1λp.
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Using the lower bound of λj given in (1.7), we find out that
N(λ) ≤ BnV
(
n+ 2
4npi2
)n
2
λ
n
2 .
Then ∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2(Tli )
≤
(
n+ 2
4npi2
)n
2
BnV
2Dp−1λ
p+n
2 . ⊔⊓
Lemma 2.3. Let p be a positive integer and let f ∈ Cp[0, 1
2
√
λ
]
be a real-valued function.
If f (p) is not identically zero, then one of the following inequalities holds true:
max|f ′| ≤ 2p−1(max|f (p)|) 1p (max|f |)1− 1p ,
max
∣∣f ′∣∣ < 4p+1λ 12max|f |.
Proof. Let mq = max|f (q)|, q ∈ {0, 1, · · · , p}. If p = 1, then the conclusion is obvious.
Next we assume that p ≥ 2. For any fixed 0 ≤ q ≤ p − 2, we let mq+1 = |f (q+1)(t0)|,
t0 ∈
[
0, 1
2
√
λ
]
. We discuss separately the following cases:
Case 1: t0 <
1
4
√
λ
. In this case, if
mq+1
mq+2
≤ 1
4
√
λ
, then it follows from Taylor’s formula that
mq ≥
∣∣∣∣f (q)(t0 + mq+1mq+2
)∣∣∣∣ = ∣∣∣∣f (q)(t0) + f (q+1)(t0) · mq+1mq+2 + 12f (q+2)(ξ)
(
mq+1
mq+2
)2∣∣∣∣
≥
∣∣∣∣f (q+1)(t0) · mq+1mq+2
∣∣∣∣− ∣∣∣∣f (q)(t0)∣∣∣∣− ∣∣∣∣12f (q+2)(ξ)
(
mq+1
mq+2
)2∣∣∣∣
≥ −mq +
m2q+1
mq+2
− mq+2
2
(
mq+1
mq+2
)2
= −mq +
m2q+1
2mq+2
,
which implies
(2.14)
mq+2
mq+1
≥ 1
4
mq+1
mq
.
If
mq+1
mq+2
> 1
4
√
λ
, then we have
mq ≥
∣∣∣∣f (q)(t0 + 14√λ
)∣∣∣∣ = ∣∣∣∣f (q)(t0) + f (q+1)(t0) · 14√λ + 12f (q+2)(ξ)
(
1
4
√
λ
)2∣∣∣∣
≥ −mq + mq+1
4
√
λ
− mq+2
2
(
1
4
√
λ
)2
> −mq + mq+1
4
√
λ
− 4
√
λ mq+1
2
(
1
4
√
λ
)2
,
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which implies
(2.15)
mq+1
mq
< 16
√
λ.
Case 2: t0 ≥ 14√λ . In this case, if
mq+1
mq+2
≤ 1
4
√
λ
, then we have
mq ≥
∣∣∣∣f (q)(t0 − mq+1mq+2 )
∣∣∣∣ = ∣∣∣∣f (q)(t0) + f (q+1)(t0)(−mq+1mq+2
)
+
1
2
f (q+2)(ξ)
(
−mq+1
mq+2
)2∣∣∣∣
≥ −mq +
m2q+1
mq+2
− mq+2
2
(
mq+1
mq+2
)2
= −mq +
m2q+1
2mq+2
,
which implies (2.14). If
mq+1
mq+2
> 1
4
√
λ
, then we have
mq ≥
∣∣∣∣f (q)(t0 − 14√λ)
∣∣∣∣ = ∣∣∣∣f (q)(t0) + f (q+1)(t0)(− 14√λ
)
+
1
2
f (q+2)(ξ)
(
− 1
4
√
λ
)2∣∣∣∣
≥ −mq + mq+1
4
√
λ
− mq+2
2
(
1
4
√
λ
)2
> −mq + mq+1
4
√
λ
− 4
√
λ mq+1
2
(
1
4
√
λ
)2
,
which implies (2.15). Therefore, for any fixed 0 ≤ q ≤ p− 2, one of the inequalities (2.14)
and (2.15) holds true.
Meanwhile, we note that there are two possibilities. Either for all 0 ≤ q ≤ p− 1,
(2.16)
mq+1
mq
≥ 16
√
λ,
or there exists q0 ∈ {0, 1, · · · , p− 1}, such that
(2.17) ∀ 0 ≤ q < q0, mq+1
mq
≥ 16
√
λ,
mq0+1
mq0
< 16
√
λ.
If (2.16) holds, then we apply (2.14) to get
mp
m0
=
mp
mp−1
· mp−1
mp−2
· · ·m2
m1
· m1
m0
≥ 1
4
mp−1
mp−2
· 1
4
mp−2
mp−3
· · · 1
4
m1
m0
· m1
m0
=
(
1
4
)p−1
· mp−1
m0
· m1
m0
,
which implies
mp
m0
≥
(
1
4
)(p−1)+···+1(
m1
m0
)p
= 4−
p(p−1)
2
(
m1
m0
)p
.
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Thus,
m1
m0
≤ 2p−1
(
mp
m0
) 1
p
.
If (2.17) holds, we apply (2.14) to obtain
m1
m0
≤ 4m2
m1
≤ · · · ≤ 4q0mq0+1
mq0
< 4q0 · 16
√
λ = 4q0+2λ
1
2 ≤ 4p+1λ 12 .
This completes the proof. ⊔⊓
Lemma 2.4. Let p be a positive integer. Then for any ξ ∈ Rn,∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Tli )
≥ 1
9 · 2n−1min
{
2−2p−5λ−
n
2 , 2−p−26
1
2p (β2p + β
2
p+1)
− 1
2pλ−
n
2
− n
2p
}
,
where
β2q =
(
n+ 2
4npi2
)n
2
BnV
2Dq−1, q ∈ {p, p+ 1}.
Proof. By Lemma 2.2, we have ∥∥∥∥∂qu∂xq1
∥∥∥∥2
L2(Tli )
≤ β2qλq+
n
2 .
This implies that the measure of the set{
(x2, · · · , xn) ∈
[
− 1
2
√
λ
,
1
2
√
λ
]n−1
:
∫ 1
2
√
λ
0
∣∣∣∣∂qu∂xq1
∣∣∣∣2dx1 ≤ 2β2qλq+n− 12 , q ∈ {p, p+ 1}}
is obviously at least ( 1
2
√
λ
)n−1. For such (x2, · · · , xn), we let max
x1
∣∣∂pu
∂x
p
1
∣∣ = ∣∣∂pu
∂x
p
1
(x01)
∣∣ with
x01 ∈ [0, 12√λ ]. For any x1 ∈ [0, 12√λ ], we have∣∣∣∣∂pu∂xp1 (x01)
∣∣∣∣2 = ∣∣∣∣∂pu∂xp1 (x1)−
∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2.
Integrating both sides of the equality with respect to x1 and using Jensen’s inequality, we
obtain
1
2
√
λ
(
max
x1
∣∣∣∣∂pu∂xp1
∣∣∣∣)2
=
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1 −
∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2dx1
=
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1
∣∣∣∣2dx1 + ∫ 12√λ
0
∣∣∣∣∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2dx1
− 2Re
∫ 1
2
√
λ
0
[
∂pu
∂xp1
∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
]
dx1
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≤
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1
∣∣∣∣2dx1 + ∫ 12√λ
0
∣∣∣∣∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2dx1
+
1
2
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1
∣∣∣∣2dx1 + 2 ∫ 12√λ
0
∣∣∣∣∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2dx1
=
3
2
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1
∣∣∣∣2dx1 + 3 ∫ 12√λ
0
∣∣∣∣∫ x1
x01
∂p+1u
∂xp+11
(τ)dτ
∣∣∣∣2dx1
≤3
2
∫ 1
2
√
λ
0
∣∣∣∣∂pu∂xp1
∣∣∣∣2dx1 + 3 ∫ 12√λ
0
(x1 − x01)
∫ x1
x01
∣∣∣∣∂p+1u∂xp+11 (τ)
∣∣∣∣2dτdx1
≤3
2
∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2([0, 1
2
√
λ
])
+ 3
∥∥∥∥∂p+1u∂xp+11
∥∥∥∥2
L2([0, 1
2
√
λ
])
∫ 1
2
√
λ
0
|x1 − x01|dx1
≤3
2
[∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2([0, 1
2
√
λ
])
+
1
4λ
∥∥∥∥∂p+1u∂xp+11
∥∥∥∥2
L2([0, 1
2
√
λ
])
]
.
Thus,
(2.18)
max
x1
∣∣∣∣∂pu∂xp1
∣∣∣∣ ≤
√√√√3
2
(
2
√
λ
∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2([0, 1
2
√
λ
])
+
1
2
√
λ
∥∥∥∥∂p+1u∂xp+11
∥∥∥∥2
L2([0, 1
2
√
λ
])
)
=
√√√√3(√λ∥∥∥∥∂pu∂xp1
∥∥∥∥2
L2([0, 1
2
√
λ
])
+
1
4
√
λ
∥∥∥∥∂p+1u∂xp+11
∥∥∥∥2
L2([0, 1
2
√
λ
])
)
≤
√
3
(√
λ · 2β2pλp+n−
1
2 +
1
4
√
λ
· 2β2p+1λp+1+n−
1
2
)
=
√
3 · λ p+n2
√
2β2p +
1
2
β2p+1
≤
√
6λ
p+n
2
√
β2p + β
2
p+1.
Let u(x1) = v1(x1) +
√−1 v2(x1). We consider separately the following two cases:
Case 1: If max|u| ≥ 6, then at least one of max|v1| and max|v2| is greater than or equal
to 3. Without loss of generality, we assume that max|v1| ≥ 3 and apply Lemma 2.3 to
the function v1. If v1 satisfies
max|v′1| < 4p+1λ
1
2max|v1|,
then there exists a subinterval [t1, t2] of the length 2
−2p−3λ−
1
2 on which |v1| ≥ 12max|v1| ≥
3
2
. In fact, we can choose two points t1, t2 of the interval
[
0, 1
2
√
λ
]
such that |v1(t2)| =
max|v1|, |v1(t1)| = 12max|v1| and |v1| ≥ 12max|v1| on [t1, t2]. By the mean value theorem,
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we get
1
2
max|v1| ≤ |v1(t2)− v1(t1)|
= |v′1(ξ)| · |t2 − t1|
≤ max|v′1| · |t2 − t1|
≤ 4p+1λ 12max|v1| · |t2 − t1|.
Hence,
|t2 − t1| ≥ 2−2p−3λ− 12 .
Since
∣∣u(x1)− e√−1ξ1x1∣∣≥ |u(x1)| − 1 ≥ |v1(x1)| − 1 ≥ 12 on the subinterval [t1, t2],
(2.19)
∫ 1
2
√
λ
0
∣∣u(x1)− e√−1ξ1x1∣∣2dx1 ≥ 2−2p−5λ− 12 .
On the other hand, if v1 satisfies
max|v′1| ≤ 2p−1
(
max|v(p)1 |
max|v1|
) 1
p
max|v1|,
then it follows from the mean value theorem and (2.18) that the length of the subinterval
of [0, 1
2
√
λ
] on which |v1| ≥ 32 , is at least 2−p3
1
p6−
1
2p (β2p + β
2
p+1)
− 1
2pλ−
1
2
− n
2p , which yields
(2.20)
∫ 1
2
√
λ
0
∣∣u(x1)− e√−1ξ1x1∣∣2dx1 ≥ 2−p−23 1p6− 12p (β2p + β2p+1)− 12pλ− 12− n2p .
Case 2: Assume now that max|u| < 6. The latter means that max|v1| < 6 and max|v2| <
6. Since v1(0) = v2(0) = 0, there exists a subinterval I of [0,
1
2
√
λ
] such that |v1| ≤ 13 , |v2| ≤
1
3
on I, which implies∣∣u(x1)− e√−1ξ1x1∣∣2≥ (|u(x1)| − 1)2≥ (1− √2
3
)2
≥ 1
4
.
Next we apply Lemma 2.3 to the functions v1 and v2. We find out that the length of I is
at least
min
{
3−22−2p−3λ−
1
2 , 3−22−p6
1
2p (β2p + β
2
p+1)
− 1
2pλ−
1
2
− n
2p
}
.
This implies∫ 1
2
√
λ
0
∣∣u(x1)− e√−1ξ1x1∣∣2dx1 ≥ λ− 12
9
min
{
2−2p−5, 2−p−26
1
2p (β2p + β
2
p+1)
− 1
2pλ−
n
2p
}
.
This completes the proof of the lemma. ⊔⊓
Proof of Theorem 1: According to Lemma 2.4, for each li and p, we have∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Tlj )
≥ 1
9 · 2n−1min
{
2−2p−5λ−
n
2 , 2−p−26
1
2p (β2p + β
2
p+1)
− 1
2pλ−
n
2
− n
2p
}
,
where
β2p+1 =
(
n+ 2
4npi2
)n
2
BnV
2Dp.
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Next we estimate the sequence Dp. A direct inspection shows that
Dp < 2
(2n+18)p2 .
This implies that
(β2p + β
2
p+1)
− 1
2p ≥ (2β2p+1)−
1
2p > 2−
1
2p
−(n+9)p
(
4npi2
n + 2
) n
4p
B
− 1
2p
n V
− 1
p .
Hence∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Tli )
≥ 1
9 · 2n−1min
{
2−2p−5λ−
n
2 , 2−2−(n+10)p
(
V λ
n
2
α1
)− 1
p
λ−
n
2
}
,
where
α1 =
√
3
Bn
(
4npi2
n + 2
)n
2
.
Now we choose
p =
√ log2[(V/α1)n−1λn2 ]
n+ 12
 ,
then
2−2−(n+10)p ≥
(
V
α1
)−n−2
2p
(
V λ
α1
)− n
2p
.
Therefore, we obtain
(2.21)
∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Tli )
≥ 1
9 · 2n−1
{(
V
α1
)n
2
(
V λ
α1
)−n
2
−n
p
}
.
Notice that for each i the number of these n-dimensional rectangles Tli is at least
Ni =
[
Ai
6
λ
n−1
2
]
.
Summing the inequality (2.21) for all li = 1, · · · , Ni and all i = 1, · · · , m, we immediately
get
V − (2pi)nFλ(ξ) =
∥∥∥∥u− e√−1<ξ,x>∥∥∥∥2
L2(Ω)
≥ 1
9 · 2n−1
{(
V
α1
)n
2
(
V λ
α1
)−n
2
−n
p
} m∑
i=1
[
Ai
6
λ
n−1
2
]
Θ(λ− λ0)
≥ α
− 1
2
1 V
1
2
92 · 2n
(
V λ
α1
)− 1
2
−n
p
A(∂Ω)Θ(λ− λ0),
where
λ0 = max
 4nmin
i
{d2i }
,
(α1
V
) 2
n
, 2
2(n+12)
n
(α1
V
) 2(n−1)
n
,
(
12
min
i
{Ai}
) 2
n−1
 .
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This yields the following upper bound on Fλ:
(2.22) Fλ(ξ) ≤ V
(2pi)n
[
1− α2V − 12A(∂Ω)
(
V λ
α1
)− 1
2
−n
p
Θ(λ− λ0)
]
, M(λ),
where
α2 =
α
− 1
2
1
92 · 2n .
By Lemma 2.1, we obtain
N(λ)∑
j=1
λj =
∫
Ω
|ξ|2Fλ(ξ)dξ
≥ n
n+ 2
B
− 2
n
n N(λ)
n+2
n M(λ)−
2
n
=
n
n+ 2
B
− 2
n
n N(λ)
n+2
n (2pi)2V −
2
n
[
1− α2V − 12A(∂Ω)
(
V λ
α1
)− 1
2
−n
p
Θ(λ− λ0)
]− 2
n
≥ n
n+ 2
B
− 2
n
n N(λ)
n+2
n (2pi)2V −
2
n
[
1 +
2α2
n
V −
1
2A(∂Ω)
(
V λ
α1
)− 1
2
−n
p
Θ(λ− λ0)
]
=
n
n+ 2
(2pi)2
(BnV )
2
n
N(λ)
n+2
n +
2α2
n + 2
(2pi)2
(BnV )
2
n
N(λ)
n+2
n V −
1
2A(∂Ω)
(
V λ
α1
)− 1
2
−n
p
Θ(λ− λ0).
Taking k large enough such that λ = λk, we immediately get
1
k
k∑
j=1
λj ≥ n
n+ 2
(2pi)2
(BnV )
2
n
k
2
n +
8pi2
922n(n+ 2)B
2
n
n
A(∂Ω)
V 1+
2
n
k
2
nλ
− 1
2
k
(
V λk
α1
)−nε(k)
Θ
(
λk − λ0
)
,
where
ε(k) =
1
p
=

√
log2
[
(V/α1)n−1λ
n
2
k
]
n+ 12
−1 . ⊔⊓
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